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Abstract 



It is shown that the generalized Riemann equation is equivalent with the 
multicomponent generalization of the Hunter - Saxton equation. New matrix 
and scalar Lax representation is presented for this generalization. New class 
of the conserved densities, which depends explicitly on the time are obtained 
' directly from the Lax operator. The algorithm, which allows us to generate a 

big class of the non-polynomial conservation laws of the generalized Riemann 
equation is presented. Due to this new series of conservation laws of the 



CNJ \ Hunter-Saxton equation is obtained. 

O Introduction. 



The theory of the hydrodynamical type systems of the non-linear equations [T] , 
integrable by the generalized hodograph method [2J is closely related to the over- 
determined systems of first order partial differential linear equations . It is achieved 
introducing the so called Riemann invariants in which the hydrodynamic type system 
is rewritten in the diagonal form as r\ = /i(r)V* where % = 1, 2 . . . , r = (t*i, ^...rjv) 
and no summation on the repeated indices. Thus, it is a linear systems of first order 
partial differential equations with variable coefficients /i(r). 

When N — 1 the equation on Riemann invariant reduces to the so called Riemann 
equation r t = —rr x which have been investigated in many papers and could be 
considered as the dispersionless limit of the Korteweg de Vries equation [3]. Recently 
the interesting generalization of the Riemann equation to the multicomponent case 
(d/dt + ud/dx) N u — 0, N — 1, 2 . . . have been proposed in [U [5j E] 

When N = 2 this generalized system is reduced to the Gurevich-Zybin system 
[7J |8] or to the equation which describes the non-local gas dynamic [9] or to the 
Whitham type system [lj. It is possible also to reduces the N = 2 generalized 
Riemann equation |3] to the celebrated Hunter-Saxton equation [10J, sometimes 
referred as the Hunter-Zheng equation [11] . The Hunter-Saxton equation has been 



1 



studied in almost all respects, including its complete solvability by quadratures [121 
[T3] , construction of an infinite number of conservation laws [T0 | [TT | fH], relationship 
with the Camassa-Holm equation and the Liouville equation [15| . Bi-Hamiltonian 
formulation |11[IT5]. integrable finite-dimensional reductions [TT | [T6 ] , global solution 
properties [TTtfTB]. to mention only a few of numerous publications on this equation. 

For an arbitrary N the investigation of the properties of the generalized Riemann 
equation just started in [H [5j [6]. It was indicated that N = 3 generalized Riemann 
equation possess the matrix Lax representation, the Hamiltonian formulations and 
huge number of polynomial and non-polynomial conservation laws. However this 
matrix Lax representation is a free-form, because it contains one arbitrary function 
which could be fixed but in not a unique manner, taking into account the integra- 
bility condition on the Lax representation. 

In this paper we present the matrix Lax representation for an arbitrary N which 
is not a free-form. This representation for N = 2 could be reduced to the very well 
known energy-dependent second-order Lax operator [19, 20, 13J while for iV = 3 to 
the energy depended third-order Lax operator introduced in [2 lj . Some of the func- 
tions, which constitute the scalar Lax pair for N = 2, 3, are also the non-polynomial 
conserved Hamiltonian functionals. Moreover from this matrix Lax representation 
it is possible to obtain the conserved densities which are explicitly time depended. 
We present the operator, in some sense the analogue of the recursion operator, 
which generates an infinite number of non-polynomial conservation laws. As the 
by-product of our analysis we present new series of the non-polynomial conservation 
laws for the Hunter-Saxton equation. 

The paper is organised as follows. The first section describes the generalized 
Riemann equation and shows its connection with the mult i- component generaliza- 
tions of the Hunter-Saxton equation. In the second section we define new matrix 
representation for an arbitrary N extended Riemann equation. The third section 
describes the reduction of matrix Lax representation, for N = 2 and 3, to the scalar 
Lax representation. In the fourth section the conservation laws for iV = 2, 3 general- 
ized Riemann equation are obtained directly from the Lax representation. The fifth 
section describes the algorithm of generations of the non-polynomial conservation 
laws. 

1 Generalized Riemann Equation. 

The hydrodynamical Riemann equation 

u t = -uu x , (1) 

have been recently generalized to the multicomponent case |H \5\ E] as 

Pf u = 0, V t = d/dt + ud/dx, (2) 

where N = 1, 2, 3 ... . We can rewrite the last equation to the more comfortable 
form, introducing the notation Ui = u,u n = V n ^ 1 u and then the iV generalized 
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Riemann equation takes the following form 

Ui, t = U 2 - UlUl, x , (3) 
U 2 ,t = U 3 - UiU2, x , 



U N -i jt = U N - UiWjv-1,x, 
UN,t = ~UiU NjX . 

The multicomponent generalization of the Hunter-Saxton equation could be ob- 
tained from the last formula using the transformation u 2;x = ( u l, x + w 2 )/^i u k,x = 
w^Wk for k = 3, 4, ... . 

u ix w\ , A . 

ui,t,x = — y - u x u^ xx + — , (4) 

W2,t = -(U1W 2 ) X +W 3 W 2 , 

w 3 ,t = u liX w 3 - wity 3 ,x - 2wj + w 4 , 



WjV-l,t = U 1/X W N - WiWjv-1,x - 2w 3 W N _ 1 + W N , 

w N ,t = u ljX w N - uiw N , x - 2w 3 w N . 

When all Wi vanishes then Esq. (4) reduces to th Hunter-Saxton equation while 
for Wi — 0, i — 3, 4, . . . our equations reduces to the two-component Hunter-Saxton 
equation 

2 Matrix Lax representation. 

The generalized Riemann equation for N > 1 could be obtained from the compati- 
bility condition for the matrix Lax representation 

^ x = A®, tf t = -mAV - \EV, (5) 

where \I/ = (ip 1 ,ip 2: . . .ip n ) T , A, E are N x N matrices such that E^k-i = 1 for 
k = 1,2,... N- 1 and 



/ A 2 ujv-i,x Xu NtX ... \ 

N,x 



A 



A 2 ujv-i,x 2\un x ... 



(6) 



A ujv-i,i k\u N<x 

V -iVA^ 1 —NX N ui jX . . . -N\ 3 u N - 2 , x —(N - l)\ 2 u N - liX J 
Explicitly for N = 2, 3 we obtain 

1p! \ f \ 2 U hx \U 2)X \ f 4)1 \ , , 

ih) x -\ -2A 3 -\*u^ J \ ih J ' {7) 
_ ( -A 2 wiwi, x -\u x u 2)X \ ( 4>\ 



vi J, \M-2\-u. 1) A 2 MlUl , I I 2 (8) 
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X 2 u 2 , x Aw 3iX 

\ 2 u 2 , x 2\u 3 , x |(^|, (9) 
-3A 4 -3A 3 w M -2A 2 m 2 ,z 

-X 2 u 1 u 2 , x -Xuiu 3iX 

-A -\ 2 uiu 2>x -2uiAu 3>a; | | -02 | (10) 

3A 4 Mi 3A 3 miMi iX . — A 2\ 2 uiu 2 ^ x 

3 Scalar Lax representation for N=2,3. 

We consider the case N = 2 and N = 3 separately. 

3.1 N=2. 

We can obtain two different scalar Lax representation for N = 2 generalized Riemann 
equation . 

For the first choice computing ^ from the second equation in the formula [7] we 
obtain 

* 2 , ra = X 2 (-2X 2 u 2iX -u liXX + \ 2 ul x )V, (11) 

It is exactly the Lax operator considered in [20j US] - 

For the second case computing ip 2 from the first equation in [7J and using the 
transformation ipi =>- y/u^ <& we obtain 

= (\ 4 Z 2 + \ 2 Z 1 + Z )<P, (12) 
$t = (u ljX $-2 Ul $ x )/2. 



where 



7 o > y , "i.r, ./ l2u 2 , xxx u 2tX -3u 2 
Z 2 = -2m 2 ,x + «i x ., A = u 2x { ) x , Z Q =-- 2 • ( 13 ) 

u 2jX 4 ui x 



The integrability condition \P XXi t = ^t,xx gives us 

Z i>t = -(dZi + Zid)u u for t = l,2, (14) 
Z Q)t = (^d 3 -2dZ -2Z d)) Ul . 

and it is identically satisfied if we use the definition of Z 2 ,Z\,Zq. 

3.2 N = 3. 

Computing ip 2 and ips from the first and second equation in [9] respectively and using 
the transformation ipi =>■ Us }X fl we obtain 

2 3 1 2 

= ^A 2fc ^. + (^A 2fc P fc + -^A 2 ^ M )fi, (15) 

k=0 k=0 k=0 



x ■ 
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where 



P = 0, P 3 = 2(3u 1)X u 3)X u 2 , x -3ul !X -ul tX ), (16) 

2 

^3 xx^"^ x 

P2 — 3 ; '■ 3(Wi X U 3 xx — U 3x Ui xx + Ui x U2 xx )i 

U3,x 



2 u\ x U 3y 
S 2 = 3(ul -2u ltX u 3)X ), S t = 3— — (u 2 , xx u 3>x - u 3 , xx u 2 , x ), 



Pi — — — ( L o : (u 3xxx U2 !X + ^U2 jXX U 3xx ) + U2,xxx), 

u 3,x 

1 



U 3 , x 

So = — — (3 u 3, xx ~ 2u 3>xxx u 3tX ) . 



U 3,x 



This is the energy-dependent third-order Lax operator considered in |21] . 

From the integrability condition we obtained the following equations of motion 



on the functions Si, Pi 



P i)t = -(dP i + 2P i d)u 1 , for z = l,2,3, (17) 
Si,t = ~(dSi + Sid)ux, for i = 2, 1, 
S Q , t = (d 3 - dS - 3 d) Ul . 

For the second choice where we eliminate ip 3 and ipi from the second and third 

2 

equation in [9] respectively and using the transformation %p2 =>■ u 3x Vl we obtain 
2 3 

Qxxx = X 2k Sk& x + A 2fe i\fi, (18) 

fc=0 fc=0 

2 2 
fi t = A- 4 ^ ^ + ^A- 2 ( 2 - fe ^ fc+1 fi x . + ^A- 2 ( 2 - fc )^ fc+4 a 



k=0 k=0 



where 



5 = — {4*4 xx - 3v>3,xxxU3,x), (19) 

51 = — -«3,xx«2,x, S 2 = 3ul - 6u 3 x u 1)X 

U 3 ,x 



(72u 3jXXX u 3 , xx u 3iX - 18u 3Ax ul x - 56«g ), (20) 



-Pi — o„ 2 (^^ic^ 2 ^ + 3ll 3x U2 jX xx ~ 3u 3:X (lL 3:XXX U2,x + 2u 3jXX U 2:XX ) ) , 



3«L 



(«2,x(-3W3,xxxW3,x + 4W 2 X J - W 2 ,xx (6«3,xx«3,x + 3« 2 J), 



3«3,x 

.2 



A = (W3,xx(-4w3,xWl,x + «2 x) _ 3w 3)a: (2«3 )a; U li!Ea . - U 2 ,xx«2,x))- 
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W Q = W t = ^-, W 2 = u 2)X W , W 3 = - Ul , (21) 

W± = 3 (3u 3}XXX u 3jX - 4ul xx ), W 5 = * {5u3 )XX u 2 , x - 3u 3jX U2 )XX ), 
W 6 = —^—(5u 3 . x u hx -ul x ). 

In that way Esq. 18 could be considered as the energy- dependent third-order 
Lax operator also. 

4 The conservation laws obtained from Lax repre- 
sentation. 

The knowledge of scalar Lax representation allows us to compute the conservation 
laws for the model. 

For the N = 2 generalized Riemann equation let us rewrite the first Lax pair in 
terms of two Riccati equations introducing the function T = ^2,1/^2 

T x = -r 2 -A 2 Mi )a »-A 4 (2w 2 ,*-u?,J, (22) 
r< = (ui - T^r 2 - u 1<x T + A 2 (^m 2 , x + ux, xx u x - u 2 ,x) + X 4 u 1 (2u 2 , x - u\ x ). 
Expanding V in powers of A as 

00 

T = -A 2 u M - 2A 4 m 2 + A 2fe+6 r 2jfc . (23) 

k=0 

we obtain for example the first two integrable equations 

r ,t = ^ux^ x u 2 u x - 2uj, r 2>t = -2(u!U liX - u 2 )r + Au^j, (24) 

ro, x = -4u 2 ui iX , r 2:X = 2ui :X r - Au\. 

From this follows that all r„ T are conserved. Indeed 



Ho = J dx r 0)X = -4 J dx u 1:X u 2 , (25) 
H 2 = —4 J dx 2ui )X d~ 1 ui iX u 2 + u\ = 4 J dx u\u 2:X — u 2 . 

These conserved Hamiltonian functionals coincides with those obtained in [9J. 

Quite different series of conserved densities we obtain using the matrix Lax rep- 
resentation Esq. 9 and 10 in which we redefine the functions and \&2 as 

\fr 1 = e(»+ A2ui ), ^ 2 = Te {g+x2ui \ (26) 

Then our Lax representation gives us 

9x = Am 2 , x T, g t = -u x g x - X 2 u 2 , (27) 

r x = -\u 2 , x r 2 -2\ 2 u hx r-2\\ r t = - Ul r x -\. 
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The integrability conditions g xt = gt, x ,T X! t — Y tx lead us the N = 2 generalized 
Riemann equation. These two equations are in the conservative form and thus g x 
and T x are conserved Hamiltonian functionals. The explicit form of these functionals 
could be obtained expanding the function T as 



1 



T = ^E A ^' ( 28 ) 

2 k=0 

where for example 

Qo = 1, Qi = u 2 -t, g 2 — 2u 2 t + u\ - 2ui, (29) 

g 3 = — t 2 u 2 + t(2u\ — Su 2 ,) — 2x + 2u\u 2 — u\ + 2d~ l u 2 ^ x u\. 



The first nontrivial conserved Hamiltonian functionals are 

Hi = J dx u 1>x ul, H 2 = J dx u 1<x ul, 

H 3 = J dx {u 2<x u\ — 3u\ui — Q^^uid^ 1 ^). 



(30) 



and explicit time dependend 

= J dx (u 2 — Ui iX u 2 t), H 5 = J dx {2u\ — 2u 2 t + Ui :X u 2 t 2 ) (31) 
H 6 = J dx {u\ + 2u 2tX u 2 uit), H 7 = J dx {u 2jX u\ + u hx u 2 2 t) , 
H s = J dx {-2u\ - kd~ x u 2 + ttd~ l u 2 u 1)X - t 2 (u 2:X uj + uj)), 

while x and time dependend 

H g — J dx t{Qu\ui + 12u 2)X uid ~ x u 2 — 2u 2 ^ x u\) + 6x(u 2:X u 2 + u 2 ), (32) 

12U\d~ l U 2 ^ x U\ _ 6u 2 lll. 

Now let us consider once more the equation 11 in which we redefine the functions 
= 1,2,3 as 

^ i = e ( 9 +A 2 « 2 ) ? ^ 2 = Te (9+A2 " 2) , ^ 3 = Ee {9+x ' 2u2 K (33) 

and as the result we obtain, after eliminations of S 

9x = Au 3)X T, g t = -u x g x - \ 2 u 3 , (34) 

Y xx — — ; — T^ — 3\u 3>x TT x — 3\ 2 u 2tX T x — \ 2 u 2 x T 3 , 

U 2 x 



-3\ 3 u 3tX u 2jX T 2 - 6\ 4 u 3jX u ljX T - 6A 5 m 3i 



x 



T t = -U!T X - A. 

The integrability condition g Xjt = g t>x and T xx ,t = Yt,xx gives us the N = 3 gen- 
eralized Riemann equation. From this representation follows that the g x generates 
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conserved Hamiltonian functionals. Indeed if we expand T in the power series in A 
as 

oo 

T = ^A fc 0*, (35) 

k=0 

where for example 

1 3 1 

0o = us, 0i = ~2 U l - *> 02 = 2 tu l + - 3<9~ 1 w 3rr w 2 , (36) 

5 13 9 3 

03 = -^*W 3 - g«3 - 2 M 3^2 + 2 W 3^~ lw 3,*t*2 + g u 3d~ 1 U 2 , x U 2 3 . 

then the coefficients standing in the same power of A in g x are conserved Hamil- 
tonian functionals as for example 

" = *. = /«fc«i(2«u«. (37) 

#5 = J dx ^2^1^ + 5^^^ + 6ul( y ui jX d~ 1 u 3jX u 2 -U2 t xd~ 1 u 3 ^u 1 ). 

and explicit time dependend 

#6 = J dx ul(-u 2 , x t 2 + 2ui jX t - 2), H 7 — J dx ul(6u 3!X U2t + U2, x u 2 ) (38) 

r 

Hg = dx 2t U3 iX U 3 V>2 — 2tUs jX U 3 U 2 — U2, X U 3 U2- 

5 Non-polynomial conservation laws. 

Notice that the equation on Z\ t in (|T4"|) can be rewritten as 

(v^)* = -(W^i)*- (39) 
Similarly the equations on P it and on S2 1 , S\j can be rewritten as 

(Pl /3 ) t = -{ Ul Pl'\ t = l,2,3, (40) 

= -(lll-\/^)a! 2 = 2,1. 



Therefore J dxy/Z^ and J dxy/Sl, J dxP^ 3 are conserved Hamiltonian functionals 
for the iV = 2, 3 generalized Riemann equation respectively. 
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Moreover notice that the following functions 



^ J 1 (A*Sl+W> j • (41j 

where n,m,ki,i = 1 ... 5 are arbitrary constants such that = k$ ^ and fci = 
fc 2 = ^ ^ are the conservation laws for the N = 3 generalized Riemann equation. 
Indeed we can easily verify it, using (ITT)) showing, that 

H n , m j = —(uiH n)Tn ) x . (42) 

We can construct the infinite number of the non-polynomial conservation laws 
using the analog of recursion operator as follows. 

In the papers [U [5] we proved that if some function H, which depends on u n and 
its derivatives satisfy 

H t = -ku hx H - Ul H x . (43) 

then J dx H x ' k is a conserved Hamiltonian functionals for the generalized Riemann 
equation. 

Moreover we have three additional lemmas 
Lemmal: If f and g satisfy 

ft = -/JUi,*/ - uifx, 9t = -vu 1>x g - u x g x . (44) 
and n, m are an arbitrary numbers such that n/i ± mv ^ then 

H = f (fn g my/(nn± m u) d% j g conservec i 

Lemma2: If / and g satisfy 

ft = -fiu hx f - uif x , g t = -filing - uig x , (45) 
then H = f (/ ± m) 1 ^ dx is conserved 

Lemma3: If / satisfy 

ft = -ftu ltX f - mf x (46) 

i 

then g = x f satisfy g t = —(fi + m)ui tX g — Uig x and H — J g^+ m dx is conserved. 

The proofs of these lemmas are elementary. 
Let us define the following operator 

R„ = —d - = uJfJS-J-, (47) 

u N,x U N,x U N ^ X 

where k is an arbitrary number but k ^ 0. 
We have the following 

Theorem : If some function H which depends on u n and its derivatives satisfy 

H t = -kui, x H - uiH x (48) 
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then H m = R™H where m = 0,1,2... generates the infinite number of non- 
polynomial dispersive and dispersionless conserved Hamiltonian functionals J dx Hm k - 

Proof: We carry it by induction. For m = it is valid from the assumption 
because H = H. Now we show that 

(H m+1 ) t = -ku ljX H m+1 - u x H m+ltX . (49) 

We have 

(H m +i) t = {R k H m ) t = Rk,tH m —kR k ui )X H m —R k uiH m)X = —kui )X R k H m —ui(R k H m ) x , 

(50) 

what can be rewritten as 

Rk,t = (^—)td+k(^—) Xtt = [R k ,ku hx + u 1 d]= (51) 

- «l( — ),), + (^ " «l( — ) x )d. 

Un,x UN,x Un,x Un,x 

and it is identically satisfied if we compute R kt using the equation of motion . 

Notice that for k — 1 we obtain trivial result because then RH is a total deriva- 
tive. 

For N = 2 we can use the functions Zi, Z 2 defined in Esq. 15 while for N = 3 
the functions P i: i = 0, 1, 2, 3, S i: i = 1,2 defined in Esq. 19 respectively as the 
seeds solutions in order to generates by R operator an infinite number of conserved 
Hamiltonian functionals. 

Finally let us discuss the problem of the existence of conservation laws for gen- 
eralized Riemann equation, which are in the form 

H t = -{ Ul H) x . (52) 

Such conservation laws could be easily obtained using the Lemmal. Indeed 

/f R n G 
dxH k ^ m = / dx k k (53) 
J K k _ x t k ^ 

is conserved Hamiltonian functionals , where G k ,F k _i are such that 

G k ,t = -ku 1:X G k - uiG k , x , F k - ltt = -(k - l)ui jX F fe _i - uiF fc _i )X (54) 
Example: only for the Hunter - Saxton equation for which R k = u 2k ~ 2 d : ^ r 

G 3 = u hxx u 2 lx , F 2 = u 1>xx , (55) 

5 

u l,xx u l, x 

-"3,0,1 — _ 4 2 ' 

U\ t xxxUl t x ^^l,xx 

2 

tt u l,4x ~ A Ul, xxx U 1,XX 

-"3,2,0 = 14 3 h 28—^, 

Ul,xxUl,x U lx U lx 



u iAx u i,x - 14 »i,xx^i,x^i,x + 28wf r 
Ul,xxxUl x - 4uLii M 



H ^ ~ „,2 _a„.2 



3 3 



Ga = u\ xx u\ x , F 3 = ul xx , (56) 

3^14^ ^ U 1,XXX r) r 7 U l,XXX r .. U l,XX 

4 ' 2 '° ~ 2ui u 2 An 2 u 2 ~ ~^F~ 
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